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Abstract. A mathematical model is presented for the location of idealized botanical fea- 
tures of arbitrary size on an arbitrary surface obtained by revolving a smooth curve 
about an axis. The extreme cases are the plane and the cvlinder, previously treated 
separately. At each point on the genetic spiral (an imaginary-curve passing through the 
centers of all the features) a lattice IS defined, describing the phyllotaxis (that is, the 
arrangement of the features) in that neighborhood. It is shown how two parameters 
determine whether the numbers of intersecting spirals change from point to point, and, 
if so, through what values. These parameters are the divergence 6, which is assumed 
to be constant, and a quantity 5, which is the reciprocal of the normalized rise, and 
which in general varies from point to point. Finally, it is proved that Fibonacci 
phyllotaxis (in which the numbers of intersecting spirals are always Fibonacci numbers) 
produces areater packina efficiencv than anv other, provided that the lattice varies over 
the surface. - 
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INTRODUCTION 
Helmut Vogel (1979) described a mathematical model 
for an idealized sunflower head, based on two major 
assumptions: that the seeds have equal areas and 
that the divergence angle (subtended at the center 
by any two successive seeds) is constant. There 
are other tacit assumptions: that the seeds (or 
florets preceding them) are formed one by one, that 
they lie in a plane, and that the distance from the 
center of the flower head to any seed depends only 
on the age of the seed. 
Ridley (1982) introduced the concept of packing 
efficiency for any conflguration of points in the 
plane for which the areas associated with each point 
are asymptotically equal. This packing efficiency is 
a global concept, since it is a single number defined 
for the entire configuration. Because of Vogel’s 
equal area assumption, flower heads formed ac- 
cording to his model do have a well defined packing 
efficiency. It was then proved that if the. diver- 
gence angle is (3.J5)n radians, or about 137.508 
degrees (the so-called Fibonacci angle), then the 
resulting flower head has greater global packing 
efficiency than any other. With this dlveraence an- 
gle the n.umber of conspicuous parallel sp!Gls filling 
any annular region is always a Fibonacci number. 
This is by far the commonest form of spiral 
phyllotaxis encountered in nature. 
The original model was severely limited by the equal 
area assumption and the restriction to the plane, 
since natural phyllotaxis occurs on many other 
surfaces, and often has surface features varying 
markedly in size. In this paper, which summarizes 
the results of (Ridley, 1986). these two assumptions 
are dropped, and a generalized model is presented 
that gives a precise mathematical description of the 
phyllotaxis of features growing at an arbitrary rate 
on an arbitrarv surface of revolution. The constant 
divergence assumption is retained, as is the as- 
sumption that the distance of each feature from the 
ape; depends only on Its age, so the model must 
still be regarded as being somewhat idealized. 
The main theorem shows how the divergence, to- 
gether with a quantity 5, depending on the ratio 
of the stem surface area occupied by a feature and 
the cross-sectional area of the stem there deter- 
mines not only the numbers of parallel s,‘irals in 
each of the two or three mutually intersecting fam- 
ilies passing t’hrough that feature, but also the 
precise shape of the parallelogram or hexagon 
formed where they intersect. 
>acking. 
The rest of the paper deals with packing efficiency. 
The original global concept no longer applies, since 
the eaual area assumption has been dropped. How- 
ever, ‘the main theorem defines a lattice. (called the 
local lattice) at each point on the genetic spiral. 
The local lattices in general vary continuously along 
the genetic spiral, but each one is an equal area 
configuration and therefore possesses a packing 
efficiency in the original sense. This is called the 
local packing efficiency, and in general It, too, 
varies continuously along the genetic spiral. In the 
final theorem it is proved that, whatever the shape 
of the surface and whatever the sizes of the surface 
features on it, the Fibonacci divergence produces 
greater local packing efficiency than any other, 
provided only that the local lattice varies. Thus the 
optimum character of natural phyllotactic arrange- 
ments is again confirmed in this wider context. 
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DEFINITIONS, NOTATION, AND THE MODEL 
Only brief definitions of the essential concepts are 
given here. For a full discussion of all mathematical 
aspects of phyllotaxis see (Jean, 1984). We 
normally use cylindrical polar co-ordinates p = 
(r,e,z) to describe the surface obtalned by re- 
volvlng a curve in the (r,z)-plane about the z-axis. 
These co-ordinates are related to the three dimen- 
sional Cartesian co-ordinates r = (x,y,z) by the 
equations x : rcostl and y = rsin9. We let s denote 
the arc length along the plane curve from the point 
where z = 0. Then the usual arc length formula in 
the plane gives dsZ = dr’ + dz’, while from polar 
co-ordinates we have dx’ + dy’ = dr’ l fide) , so 
that the three dimensional element of arc length dl 
satisfies 
dl’ = dx’ + dy2 l dz’ = ds’ + (rde)‘. 
The extreme cases described by this model are the 
disc (for which r = s and z is constant) and the 
cylinder (for which r is constant and z = s). 
We next suppose that on the surface there are bo- 
tanical features (e.g. leaf primordia, leaf bases, 
disc florets, or seeds) centred at points p, = 
(r en, z 1 for n = 1.2.3 ,..., and we make the 
fol%wing a:sumptions. 
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1. 
2. 
The divergence angle en-an_, between any pair 
of successive features is constant, and eaual 
to 2~6, where 0 5 6 S f. 
During the growth of the plant, the angle B 
corresponding to any given feature remains 
constant, while r and z depend only on the age 
of the feature, not on the feature itself. [This 
will be called the steady state assumption.) 
From the constant divergence assumption, it is ob- 
viously possible to choose the polar axis so that Bn 
= 2nn6. 
It is now convenient to replace the discrete variable 
n by a continuous one t, representing the age of 
any feature. The plane curve that is rotated to 
3 
enerate the surface can be given in parametric 
orm r = r(t) and z = z(t), as a result of which the 
genetic spiral or 1-parastichy, which is the curve 
on the surface that ‘oins consecutive features, has 
parametric form p(tj = (r(t), 2nt6, z(t)). We as- 
sume that all functions of t are differentiable, where 
this is required. 
More generally, the equations of the q-parastichies 
can be found for any positive integer q, where the 
q-parastichy through any point p(t) is the shortest 
curve on the surface from that point to p(t+q). The 
angular difference between these points is 2nq6, 
but this may involve several complete revolutions. 
We therefore define 
3(q) = qb - P. 
where p is the nearest integer to qb, so that 
-t < b(q) s f. If we put t = qX + x, where 
0 S y < q, then the point p(t) will be unchanged 
if the an le 2ntb is replaced by 2r(p l lb(q)), since 
qb - b(q? is the integer p. The equation of the 
q-parastichy through p(t) is obtained by regarding 
X as a variable parameter, while keeping lo fixed, 
;Ind ir _.._ ._ 
(r(qA+v), 27(116 + b(q)A), z(q1+u)). 
For each positive integer q there are q different 
q-parastichies, corresponding to the q distinct 
residue classes module a. The central role of de- 
scriptive phyilotaxis lies’ in determining the values 
of q for which the q-parastichies are conspicuous. 
We next suppose that the area of the portion of the 
surface assigned to a feature of age t is HP’, which 
is the area of a disc of radius p, where p will, in 
general, depend on t. Since increasing t by 1 in- 
creases the number of features bv one. it follows 
that the surface area increases ‘by ni’. In the 
continuous notation this becomes dA/dt = np’, 
where Aft) denotes the total surface area lvina 
between the planes z = 0 and z = z(t). However: 
from elementary calculus we have the result dA = 
Znr.ds, whence we obtain the relationship 
pz = 2r.s’. 
where the prime, here and elsewhere, denotes dif- 
ferentiation with respect to t. The “cyclotron spiral” 
formula in (Vogel, 1979) is the special case of this 
formula that comes from taking p to be constant (the 
equal area assumption) and the surface to be a 
plane. 
In the later discussion we shall make frequent use 
of a variable 5, defined by the following equivalent 
expressions: 
5 = 2nr/s’ = np’/(s’)’ = 4nr’/p’. 
Note that 5 is proportional to the ratio between the 
cross-sectional area of the plant and the area of the 
surface feature. 
A lattice f in the complex plane is a set consisting 
of all integer linear combinations ma+nB of two 
complex numbers cz and B (called the generators of 
Z) such that a/B is not real. In general, a and B 
will be taken as close as possible to the origin. The 
lattice can be thought of as the set of vertices of 
a tessellation of the plane by triangles congruent 
to the triangle OaB. Alternatively, it may be visu- 
alized as a tessellation by parallelograms each made 
up of two adjacent triangles, or as a tessellation 
by hexagons whose sides are perpendicular 
bisectors of the original triangles. These hexagons 
are called Djrichlet regions. 
We shall be concerned with the general appearance 
of a lattice, rather than its scale or orientation, and 
FIG. 1. An example, resembling a pine cone‘ 
we shall therefore not distinguish between lattices 
produced by the model. I he scales are 
represented by discs on the surface. 
that are similar (in the geometrical sense). It is an 
elementary and well known result in number theory 
that any lattice $ is similar to the lattice generated 
by 1 and c. for a unique complex number K lying in 
the fundamental region (see Fi 
$ = (2 E C 1 121 2 1, 0 5 Ret2 3 
2) 
L f, Im(z) > 0 1. 
There is thus a one-one correspondence between 
complex numbers in Y and similarity classes of 
lattices. We shall call I: the lattice number of f. and 
call the triangle 01~ the basic triangle of f. 
The packing efficiency a, as defined in (Ridley, 
1982), of any equal area packing in the plane (that 
is, any sequence of points for which the area of the 
region associated with each point tends to a limit, 
say A) is the ratio of the square of the infimum 
tFean;e between distinct points and the, limiting 
Packing efficiency can also be visualized 
as follows: suppose that disks of equal radius are 
centered at the ooints of the set, and that the ra- 
dius of these disks is taken as large as possible, 
provided that no two disks overlap. Then the pro- 
portion of the plane covered by these disks is nr1/4. 
Any lattice P in the plane provides an equal area 
packing, and it is clear that geometrically similar 
lattices have the same packing efficiency, so it is 
sufficient to consider lattices generated by 1 and 
L, where I: l F. The shortest distance between two 
points in Y is then 1, and the average area A as- 
sociated with each point is twice the area of the 
basic triangle 01~. since in the tessellation six tri- 
angles meet at each point, while each triangle has 
tp;;;;;vertices. Thus A = Im(r), and we obtain the 
9 = l/lm(k). 
In other words, the packing efficiency is the re- 
ciprocal of the imaginary part of the lattice number. 
In the description of cylindrical phyllotaxis, a 
lattice, called the normalized cylindrical lattice, is 
customary (Jean, 1984, page 29). This lattice, ob- 
tained by unfolding the cylinder in the (complex) 
plane, reflecting if necessary, and scaling down by 
the girth of the stem,, is generated by 1 and u, say, 
where o is in the first quadrant, and is closest to 
the real (horizontal) axis. The real part of ,w is the 
divergence 6, while the imagina;zldpart of w IS called 
the rise. The plant is exhibit 
(q,q*)-phyllotaxis if qw-p and q*w-p* ar6” the clos- 
est points to the origin, for some positive integers 
p and p*. This is equivalent to saying that the q- 
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and q*-parastichies have the closest spacings be- 
tween successive features. 
We summarise the notation and necessary results 
from the theory of continued fractions. If 6 is any 
number between 0 and 1, we define sequences Ia,, 
as,. .I, 
3 (q 
0, and’;, 
91, 
(a,. ai. rz;;;;;,‘;l,‘t; pO;,;,‘,;r ;,.I; 
= 6,q%iie a n and en are respectively the 
integer and fractional parts of l/an_, for n 2 1, 
so that l/an_, = an + an. Also pp = 0, q, = 1, p, 
= 1, q, = a,, while pn = a”~,_, + p,_2 and q, = 
a”qn-l 
+ qn_2 for n > 2. The natural number an 
is called the n-th partial quotient of 6, and the 
rational number p,/q, is called the n-th principal 
convergent to 6. A rational number of the form 
(JP,*P,_,)/(~~,*P,_~), where j is a natural number 
less than an+,, is called an intermediate convergent 
to 6. 
If a” = 1 for all ” L 1, then 6 = i(-l+J5) = T-‘, 
where T = t(l+J5), the golden mean. If a, = 2 and 
a” 
= 1 for all n L 2, then 6 = T-~. In this most 
Important case, p, = F, and qn = Fn+2 for all n 2 
0, where F,, F,, F,, . are the Fibonacci numbers, 
satisfying F, = 0, F, = 1, and F 
n 
= Fn_, + Fn_2 
for all n b 2. 
THE LOCAL LATTICE 
A Cartesian tangent vector w(q,t) to the 
q-parastichy through any point p(t) on the genetic 
spiral can be obtained by writing the equation of 
the parastichy in Cartesian form and then differen- 
tiating with respect to the parameter X. Moreover, 
since dt/d1 = q, the tangent can be expressed in 
terms of derivatives with respect to t. The ex- 
pression is w(q,t) = 2n6(q) u(t) + q v(t), where 
u(t) = (-r(t)sin(2nbt), r(t)cos(2a6t), 0) 
v(t) = (r’(t)cos(2n6t), r’(t)sin(2a6t), z’(t)). 
These two vectors are clearly orthogonal, and they 
span the tangent plane to the surface at the point 
p(t). We apply a similarity transformation from this 
tangent plane to the complex plane, scaling down 
by a factor Znr(t). By this transformation we take 
u(t) to l/217, and we take v(t), which has magnitude 
s’(t), to i,s’(t)/2nr(t), which is i/S(t). It follows 
that the tangent vector w(q,t) is transformed to the 
complex number 
w(q,tl = 6(q) + i.q/S(t), 
which describes the direction and spacina on the 
q-parastichy through the point p(t). -From the 
definition of 6(q) we can also write 
w(q,t) = q6 - P + i.q/S(t) = q.w(l,t) - p. 
Thus, for any fixed t, these numbers all belong to 
the lattice generated by w(1.t) and 1. This lattice 
IS precisely analogous to the normalized cylindrical 
lattice of conventional phvllotaxis. and it will be 
called the local lattice fit)‘. The’ divergence and 
rise are the two components of the first point on 
the genetic spiral; the analogues here are the real 
and imaginary parts of w(1.t). viz. 6 and l/S(t), 
so we see that S(t) corresponds to the reciprocal 
of the rise. 
Associated with the local lattice T(t) there is, as 
defined previously, a local lattice number K(t) and 
a local packing efficiency n(t), equal to l/lm(K(t)). 
The local lattice, as thus defined, is an abstract 
concept, lying in the complex plane, representing 
the tanqent plane, but an approximation to it is 
clearly cisible.when one looks ai a small portion of 
the surface. More precisely, let q and q* be pos- 
ltive integers chosen so that q* is not a multiple 
of q and 
Iw(q,t)l S Iw(q*.t)l and Iw(q*.t)l 5 Iw(m,t)l 
for any other positive integer m not B multlple of 
q. This simply means that the q-parastichy through 
this point has the closest spacing between suctes- 
sive features and the q*-parastichy has the next 
closest. Then the plant exhibits (q,q*)-phyllotaxis, 
as defined above. We shall say that q is dominant 
and q* is subordinate. The results of this section 
can be summarized in the folIowIng theorem. 
THEOREM 1. At every point p(t) on the genetic 
spiral of anv phvllotactlc arranoement on anv sur- 
face of revolution. a normalized local lattice f(t) can 
be defined that precisely describes the phvllotaxk 
at that point, up to similarltv. The local lattice is 
determtned bv speclfvino either the divergence 6 
and the rise l/<(t) or the (relatively prime) 
hyllotaxis numbers q and a*, together with t&g 
atttce number K:(t). 
The value of this result lies in its simplifying and 
unifying 
cent&- 
properties. Hitherto, cvllndrical and 
representations of phyllotakis have been 
treated entlrelv separatelv [Jean. 1984. Chaoters 2 
and 31, whereis t’hey cab now be regerded’as two 
extremes of one theory. Furthermore, sptral 
phyllotaxis on any other surface with circular sym- 
metry can be described by the same theory, irre- 
spective of whether the surface features vary in 
size or not, and without the use of any complicated 
trigonometric or logarithmic transformations. 
As t varies, the local lattices in general vary con- 
tinuously, as occurs naturally in a large composite 
flower head, where the phyllotaxis t-lses 
imperceptibly but continuously as one moves out- 
ward from the center. If the lattices vary with t, 
then the local lattice number K(t) will trace out a 
curve inside the fundamental region 9 in the upper 
half plane; this curve will be called the phyllotactic 
curve. Since T(t) is uniquely specified by 6 and 
&I(t), and since 6 is assumed to be constant, it will 
be sufficient to regard 5 as the parameter. In 
practice, the value of 5 can easily be determined 
from r and p. Properties of the phyllotactic curve 
and the local packing efficiency are stated and 
discussed in the next section. 
RISING PHYLLOTAXIS 
subordinate parastichies correspond to one of the 
denominators of converaents I” the arlthmetlc se- 
quence (~q,+qn_lI, where 0 ,< j 5 an+,. The last 
of these is qn+,, after which, in qeneral, qn & 
qn+1 
Interchanae roles and the period of 
qn+,-dominance begins. In exceptional circum- 
stances, q,+, never becomes dominant; it is followed 
as subordinate by qn+, +qn = qn+2, which then 
interchanges roles with q, and becomes dominant 
Wf. 
4. The period of (qn,jqn+qn_,)-phyllotaxis occurs 
when 5 
- n,j 
S 5 5 F, 
n,j+l’ 
and the entire period of 
qn-dominance normally occurs from 5 = 5, & 5 = 
5 “*l’ wheret . and 5, i n- ,.r, are defined below. The 
infimum packing efficiency during thus period is 
2qn16”l. In the exceptlonal case, when qn+, ‘I 
never dominant, qn-dominance ends, and 
qn,2-dominance beains. when 5 = En+, ,. 
5 ” * = (4,’ - qn_,2)/(6n_,* - 6”‘) 
q,((j-t)q,*q,_,) 
S",j' = 
l~,l(-(j-~ll~,l+l~,_,l)e 
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FIG. 2. The phvllotactic curves, lvinq inside the 
fundamental reqion Y, for two quadratic 
lrratlonal divergences. The llmltlng 
curves can be seen, and the paralleloqrams 
formlnq the tessellations correspondtnq t th 
two ends of the limitins curves are also sohow:. 
Remarks. Most of Part 1 of the theorem is well 
known (Jean, 1984, page 40). However, the cases 
when q* = qn,2r which we regard as exceptional, 
are not dealt with there, because of the additional 
assumption that the parastichies be opposed (that 
is, that wla,tl and w(a*.t) lie on opposite sides of . 
the imaginary axis).. ‘Since we define w(q,t) and 
w(q*,t) solely in terms of their proximity to the 
origin, these additional cases can arise here. For 
example, with 6 = 15/34 and t(t) = 85, we have 
w(2,t): (-20*41)/170, w(7,t) = (15+141)/170, and 
w(9,t) = (-5*181)/170. A numerical calculation shows 
that lw(9,t)I < lw(2,t)I < lo(7,t)l. so q = 9 = q, 
and q* = 2 = q,, while q, (= 7) is not significant. 
In part 2 it is important to note that the phyllotactic 
curve depends only on the divergence 6. The shape 
of the surface and the sizes of the features on it 
affect only the rate of progress of c. along the 
C”f-Vf?. The phyllotactic curve can be constructed 
as follows. Draw the line Re(zl q 6 (which is inside 
Y, since 0 < 6 5 i) down until it intersects the unit 
circle (where < = I,), then invert it, which trans- 
forms it into a circle. Continue this circle inside 9 
until it intersects the line Re(z) = t. Then reflect 
it in the line,, and continue in this manner, invert- 
ing every time the curve reaches the unit circle 
(where 5 = 5,. Sr, etc.), and reflecting every time 
the curve reaches the straight portions of the 
boundary of 5. See Figure 2 for examples. The 
phyllotaxis changes from say (q,q*) to (q*,q) 
whenever the curve reaches the unit circle, and 
normally from (q,q*) to (q,q*q*) when the &rve 
reaches the line Re(z) = t. Reflections in the line 
Re(z) = 0 do not affect the phyllotaxis. 
Part 3 describes the normal and so-called ewcep- 
tional progression of phyllotaxis as 5 increases. For 
example, suppose 6 is such that q, = 2, q, = 7, 
and q, = 9. Then normal phyllotactic progression 
would be 
(2,l) (2,3) (2,5) (2,7) (7,2) (7,9) (9,7) . . . . 
which occurs for 6 near 7/16. Exceptional 
pro ression would be 
(%I) (2.3) (2,s) (2,7) (2.9) (9,21 (9,7) . . . . 
which occurs for 6 near 15134, as above. Here the 
7-parastichies are never dominant. This exceptional 
progression can occur only if a partial quotient 
equal to 1 occurs between two relatively large par- 
tial quotients. 
The results of part 4 are generalizations of the 
Coxeter formula (Jean, 1984, page 22) to an arbi- 
trary divergence. The portion of the phyllotactic 
curve corresponding to the period of qn-dominance 
consists of arcs of equa’l radius, since onlv re- 
flection takes place, and no inversion. These. arcs 
can be obtained from the circle that cuts the real 
axis orthogonally at the points qn-1’qn and 
6 n-l’bn’ where 6n = 6(q,) = 4,6-p,, by folding it 
concertina-wise inside the fundamental region. The 
diameter of this circle is l/q,1 6,,l. The lnfimum 
packing efficiency during this period occurs when 
K is furthest from the real axis. This maximum 
distance is simply the radius of the circle described 
above, and the infimum packing efficiency is the 
reciprocal of this radius. 
Two special cases should be considered in some 
detail. Firstly, suppose 6 is rational. Then there 
exists an integer n such that 6 = p,/q,, whence 
6n = 0. Thus the portion of the phyllotactic curve 
for I > En (that is, where q, is dominant) is a 
vertical line. As 5 increases, K moves up this line, 
so Im(rr) h - and the packing efficiency tends to 
0. 
The second, and more important, case occurs when 
the partial quotients an become constant, say a, = 
k, for n sufficiently large. 
qn_l/qn - f(-k*J(k l 4)) 
It ;;; be shown that 
6 n-1’6n + 
f(-k-J(k’+4)) as n + -. Thus the phyllotactic curve 
approaches the curve in ? obtained by folding up 
the circle cutting the real axis orthogonally at the 
points t(-ktJ(k l 4)). This curve consists of k 
arcs, each of radius fJ(k”4). The limiting packing 
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efficiency therefore between 1 and 
2/J(kz+4). The cases k ~“;g,‘d k = 3 are illustrated 
in Fig. 2. 
In particular, when k = 1, the limiting curve is. the 
single arc between the points z = I and z = 
t(l+iJS), and the limiting packing efficiency ranges 
between 1 and 2/‘&t (approximately 0;:944). This 
case includes special case Fibonacci 
phyllotaxis, for which 6 = I-~. Here qj = Fj+2 = 
‘I j+2/45 and lajl = ‘I -j-2 for all j 2 1, so Ej = 
J5Fj+,Fj+2. Thus the period of Fn-dominance ex- 
tends from .!, = J5F,_,F, to 5 = J5FnFn+l. In 
Vogel’s model of equal area phyllotaxis in the plane 
we have t = 4nt. so the t-limits of Fn-dominance 
are J5F “_,Fn/4n and J5FnFn+,/4n. These agree 
with the values for kn and kn+l given in (Vogel, 
1979, Table l), since J5/4n = 0.178. 
PACKING EFFICIENCY 
The numerical values of (local) packing efficiency 
mentioned at the end of the previous section should 
be compared with the values of (global) packing 
efficiency obtained in (Ridley, 1982). It was shown 
there that for equal area phyllotaxis in the plane, 
the maximum possible packing efficF;cy IS 0.8169, 
and it is attained only when 6 = T This central 
result, that Fibonacci phyllotaxis provides a more 
efficient packing than any other, remains true in 
this wider context, whatever the shape of the sur- 
face and whatever the rate of growth of the features 
on it, provided only that 5 varies. 
THEOREM 3. If 6 = r-2 then n t 67 
-4 
= 0.8754 for 
&I C 2 E, nhat is, ‘throughout the periods 3 
dominance of the 2- and all higher parastlchies). 
If 6 # 7-2, then Q < 2(/2-l) = 0.8284 for at least 
$e interval FE values qreater than 5,. As 
_, lim inf(n) = 2/d5 if 6 is equivalent to r, and lim 
inf(n) L l/J2 = 0.7077 otherwise. 
Fig. 3 gives the graphs of packing efficiency n 
against logs for the divergences of Fig. 2, which 
produce two of the flower heads illustrated in 
(Ridley, 1982). The first, and most efficient, is the 
Fibonacci divergence (3-J5)/2, for which the fluc- 
tuations in packing efficiency for large values of 5 
are very small, between 2/J5 and 1. The second 
has 6 = (155+/13)/414, for which ?I ultimately ranges 
between 2/J13 and 1. These graphs reflect pre- 
cisely the visual appearance of- the corresponding 
flower heads in (Ridlev. 1982). The one with ir- 
r&onal non-Fibonacci bivergence is concentrated 
on the 13-parastichies near the center and on the 
47-parastichies further out, with a narrow evenly 
packed annulus in between, as 13-dominance gives 
way to 47-dominance. The Fibonacci flower head 
at first appears to have the same packing through- 
out, but closer inspection of the parallelograms 
formed by four adjacent symbols reveals that these 
are nearly squares in some places (where r. = i and 
9 = 1) and are acute angled in other places (where 
IC = t(l+iJ5) and n = Z//5). These parallelograms 
should be compared with those in Fig. 2. 
Finally, it is essential to realize that 5 must vary 
for Theorem 3 to be valid. It IS possible to construct 
artificial examples of constant (q,q*)-phyllotaxis on 
any surface and any fixed lattice number I; in L?. 
It follows that the packing efficiency can have any 
predetermined value up to the maximum possible 
value of 2/J3. Since q, q* and I: are fixed, it 
follows from Theorem 1 that. 6 and 5 are also fixed. 
Now suppose we have any surface of revolution 
given pa;ametrically, so r and L, and therefore also 
s, are known functions of some parameter, say p. 
It is sufficient to express p in terms of t in such 
a way that the identity 5 = Znr/s’ holds at every 
point on the genetic spiral. This amounts to solving 
the differential eauation 
a 1 
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FIG. 3. Graphs of packing efficiency against loqk 
for t > I, and for the dlverqences 
used I” Flq. 2. 
r = s = p, and we obtain 2ar = c.$-, which has 
the solution r ;lateexp(2nt/S). 
known ideal capltulum 
T,h;t; is the well 
constant 
phyllotaxis and parastichies in the form of loga- 
rithmic spirals. Unfortunately, despite its attractive 
mathematical simplicity, it differs in many respects 
from flower heads found in nature (Jean, 1984, 
Figure 1, page 3). 
REFERENCES 
Jean, Roger V., (1984). Mathematical Approach to 
Pattern t Form in Plant Growth. John Wiley t 
Sons, Inc., New York. 
Ridley, J.N. (1982). Packing efficiency in sun- 
flower heads. Math. Biosci., 2, 129-139. 
Ridley, J.N. (1986). Ideal phyllotaxis on general 
surfaces of revolution. Math. Biosci., 
forthcomin 
Vogel, Helmut P 1979). A better way to construct 
the sunflower head. Math. Biosci., 9, 
179-189. 
which is elementary, since r and gp are known 
functions of p, and F is constant. For example, if 
the new surface is to be a disc, then we can take 
